Abstract. The additive (generalized) ξ-Lie derivations on prime algebras are characterized.
and only if L is the sum of an additive derivation on A and an additive map from A into FI annihilating each commutator; L is an additive ξ-Lie derivation with ξ = 1 if and only if L is an additive derivation satisfying L(ξA) = ξL(A) (Theorem 2.3).
Section 3 is devoted to characterizing the generalized ξ-Lie derivations. Assume that A is unital and δ : A → A is an additive map. We show that, if degA ≥ 3, then δ is a generalized Lie derivation if and only if δ is the sum of an additive generalized derivation on A and an additive map from A into its center annihilating all commutators; if F is of characteristic not 2, then δ is a generalized Jordan derivation if and only if δ is an additive generalized derivation; if F is of characteristic not 2 and A contains a nontrivial idempotent P , then δ is a generalized ξ-Lie derivation with ξ = ±1 if and only if δ is an additive generalized derivation satisfying δ(ξA) = ξδ(A) for all A ∈ A (Theorem 3.1). As an application, a characterization of additive generalized ξ-Lie derivations on factor von Neumman algebras and Banach space standard operator algebras is obtained (Theorem 3.2 and Theorem 3.3).
Additive Lie and ξ-Lie derivations
In this section, we consider the question of characterizing the additive Lie and ξ-Lie derivations on prime algebras. It is obvious that if an additive map L on an algebra A is the sum of an additive derivation and an additive map from A into its center vanishing the commutators, then L is a Lie derivation. Also, it is clear that, for ξ = 1, every additive derivation L satisfying L(ξA) = ξL(A) is a ξ-Lie derivation. Our main purpose in this section is to show that the inverses of these facts are true under some weak assumptions.
The following is the main result. Theorem 2.1. Let A be a prime algebra over a field F. Assume that ξ ∈ F is a nonzero scalar and L : A → A is an additive ξ-Lie derivation. Proof. By [1] , the statement (1) is true; by [5] , the statement (2) is true.
We'll prove the statement (3) by checking several claims. In the sequel, we always assume that L : A → A is an additive ξ-Lie derivation with ξ = ±1.
Let A 11 = P AP , A 12 = P A(I − P ), A 21 = (I − P )AP and A 22 = (I − P )A(I − P ). It is
multiplying by I −P from both sides in Eq.(2.1), we get (I −P )L(P )(I −P )−ξ(I −P )L(P )(I −
By Eq.(2.1), we have
By Claim 1, it is easy to check that L ′ is also an additive ξ-Lie derivation and satisfies that
multiplying by (I − P ) from the right side in Eq.(2.3), we get
Multiplying by P from the left side in the above equation, we have L ′ (P )A 12 = 0. Hence we have proved that
Similarly, by using of the relation L ′ (I − P ) ∈ A 22 , one can show that
follows that For any A ∈ A, by the definition of L, we have
that is,
This and Claim 2 yield to
Now take any A, B ∈ A. Note that
Hence L is an additive Jordan derivation from A into itself. By statement (2), L is an additive derivation, completing the proof of the theorem.
As an application of Theorem 2.1 to the factor von Neumman algebras case, we have Recall that a subalgebra A ⊆ B(X) is called a standard operator algebra if it contains all finite rank operators of B(X). Note that A may not contain the unit operator I and Theorem 2.1 can not be applied. For the standard operator algebra A, we have the following result. (
for all A ∈ A, where τ : A → B(X) is an additive derivation and h : A → F is an additive map vanishing all commutators.
We remark that, if X is infinite dimensional, then, by [11] , every additive derivation τ on A is in fact inner, that is, there exists an operator T ∈ B(X) such that τ (A) = T A − AT for all A ∈ A; if X is finite dimensional, then every additive derivation τ on M n (F) has the
Proof of Theorem 2.3. By Theorem 2.1(1), the statements (1) and (2) 
Multiplying I − P from the both sides of Eq.(2.8), we get
Since F(X) ⊆ A is dense in B(X) under the strong operator topology, there exists a net {A α } ⊂ F(X) such that SOT-lim α A α = I. Note that A α − P A α − A α P + P A α P ∈ A 22 and A α − P A α − A α P + P A α P → I − E strongly. Replacing A 22 by A α − P A α − A α P + P A α P in Eq.(2.9), we get (I − P )L(P )(I − P ) = 0 since ξ = 1.
For any A 12 ∈ A 12 , we have
Multiplying I − P from the right side of the above equation, we get
This implies that P L(P )A 12 = 0. Since A is prime, it follows that P L(P )P = 0, completing the proof of the claim.
Now, define a map L
The following we'll prove that L ′ is an additive derivation, and so L is an additive derivation,
For any A 22 ∈ A 22 , we have
That is,
Taking any A 11 ∈ A 11 and A 22 ∈ A 22 , we have
This implies that P L ′ (A 11 )(I − P )A 22 = 0, ξA 22 (I − P )L ′ (A 11 )P = 0 (2.10)
Since F(X) ⊆ A is dense in B(X) under the strong operator topology, there exists a net {A α } ⊂ F(X) such that SOT-lim α A α = I. Note that A α − P A α − A α P + P A α P ∈ A 22 and
, completing the proof of the claim.
For any A 12 ∈ A 12 , noting that L ′ (P ) = 0, we have
(2.12)
Multiplying P from both sides of the above equation, we get ξP L ′ (A 12 )P = 0, which implies that P L ′ (A 12 )P = 0. Similarly, multiplying I − P from the left side of Eq.(2.12) leads to
Multiplying I − P from the right side of Eq.(2.13), we get (I − P )L ′ (A 12 )(I − P ) = 0.
Multiplying P from the right side of Eq.(2.13), we get (1 + ξ)(I − P )L ′ (A 12 )P = 0, which
Similarly, for any A 21 ∈ A 21 , by using of the equation
Thus we obtain L ′ (A ij ) ∈ B ij with i = j.
Claim 4. L ′ has the following properties:
For any A ii ∈ A ii and B ij ∈ A ij , it follows from Claims 2-3 that
and so (a) holds true.
Similarly, (b) is true for all A ij ∈ A ij and B jj ∈ A jj .
For any A ij ∈ A ij and B ji ∈ A ji , by Claim 3 and the additivity of L ′ , we get
, and so (c) is true.
For any A ii , B ii ∈ A ii and any C ij ∈ A ij , by (a), we have
and
Comparing the above two equations gives 
, that is,
is an inner derivation of A. So L is also an additive derivation.
Finally, for any A, B ∈ A, we have
which implies that
holds for all A, B ∈ A. Taking a net {B α } in A such that B α → I strongly, and replacing B by B α in Eq.(2.14), we obtain L(ξA) = ξL(A). This completes the proof of the statement (3) in Theorem 2.3.
Additive generalized Lie and ξ-Lie derivations
In this section, we discuss the question of characterizing the additive generalized Lie derivations and generalized ξ-Lie derivations. It is obvious that, for ξ = 1, every additive generalized derivation δ satisfying δ(ξA) = ξδ(A) is an additive generalized ξ-Lie derivation; and the sum of an additive generalized derivation and an additive map into the center vanishing all commutators is an additive generalized Lie derivation. We show that the inverses of above facts are true for most prime algebras.
The following is the main result in this section. For the von Neumman algebra case, we have For Banach space standard operator algebras, we have 
